ON THE HILBERT SCHEME OF DETERMINANTAL 

SUBVARIETIES 



DANIELE FAENZI AND MARIA LUCIA FANIA 

Abstract. We compute the dimension of the Hilbert scheme of subvarieties of 
positive dimension in projective space which are defined as vanishing loci of maximal 
minors of a matrix with polynomial entries. 



1. Introduction 

A determinantal subvariety X C P" is the locus denned by the vanishing of all minors 
of maximal order of a given matrix M of homogeneous polynomials. Many classical vari- 
eties can be constructed in this way, for instance Segre and Veronese varieties, rational 
normal scrolls, Palatini scrolls, and so forth. Several authors have given important con- 
tributions ever since, let us refer to the monographs |Nor76j . |BV88] . |Wey03| , |MR08j 
for extended reading. 

If one desires to parametrize all determinantal varieties of a given type (i.e. for 
fixed degrees of the entries of M), one way is look at [X] as a point of a component 
% of the Hilbert scheme of subscheme in P n , and study to what extent the family 
of determinantal varieties fills in H. In this spirit, Ellingsrud proved in |E1175j that 
determinantal varieties of codimension 2 and dimension > 1 are unobstructed and their 
family is open and dense in %. In the series of papers |KMMR+0lllKMR05llKM09] . 
the same behavior was established in many more cases, leading to conjecture that this 
phenomenon should be general. 

In this paper we show that the family of determinantal varieties fills in an open dense 
subset of a generically smooth irreducible component of the Hilbert scheme, provided 
that both the dimension and the codimension of X are at least 2. For dim(X) = 1, 
we also compute the dimension of this family, that need not be open in an irreducible 
component of the Hilbert scheme. 

To better state the result we adopt now a more precise language. Let V be a 
(n + l)-dimensional vector space over an algebraically closed field k and P n = P n (V) 
be the associated projective space. Let a > b be integers and let a\ < ■ ■ ■ < a a and 
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Pi < • • • < Pb be two non-decreasing sequences of integers of length a and b. We define: 

j=l,...,a i=l,...,b 

Let </> be a morphism: 

: £/ -> ^. 

This morpshism (/> can be represented by a matrix whose entries are homogeneous 
polynomials degree ctj — Pi. The determinantal variety C P n is given by the 
degeneracy locus Db-i(4>), where the rank of (j) is at most to b — 1: 

X< s> = T> b _ l (4>), 

i.e. X^ is cut in P n by the b x b minors of the matrix representing <j). We assume that 
X^ is not empty and has the expected codimension, namely: 

c := codim(A, P n ) = a - b + 1. 

This happens for general <j) if and only if: 

(1.1) ai > Pi, for all i = 1, . . . , 6, and a« > /3j, for some i = 1, . . . , b. 

Let now p{t) be the Hilbert polynomial of Xj,. Consider the Hilbert scheme 
Hilb p (£)(P n ) of subschemes of P n with Hilbert polynomial p(t), and let T~L be the ir- 
reducible component (or their union if there are many) of Hilb p ( f )(P n ) containing the 
class of X^ in %, denoted by [X^]. 

If we want to parametrize the schemes X^ arising this way, we are lead to introduce 
the vector space: 

W = Hom P »(i/,J). 
Further, we consider the algebraic group: 

G = Autx(^) x Autx(^)- 
An element p of G consists of a pair (g, h), and acts on W by: 

p.cj) = g o (f) o hT 1 . 

A quotient of an open subset of W is a generically smooth irreducible variety that we 
denote by y. We have then the natural rational map: 

[4>] -> W 

We state now the main result of this note. Note that dim(X^) = n + b — a — 1. 
Theorem. Choose integers n, b < a — 1, a\ < ■ ■ ■ < a a and Pi < ■ ■ ■ < Pb, with: 

(1.2) ai > Pi+i, Vi = 1, . . . , b — 1, and an > Pi, for some i = 1, ... ,b. 

i) If n + b — a — 1 > 1, then the map F is generically finite, so dim(Im(i ? )) = dim(3^). 

ii) Moreover, if n + b — a — 1 > 2, then F is also dominant, in particular T~L is an 
irreducible, generically smooth variety and dim(%) = dim(3^). 

Hi) Finally, if Pi, < a\, and n + b — a — 1 > 2, then F is birational. 
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As mentioned above, our result was motivated by a conjecture of Kleppe and Miro- 
Roig, see |KM09l Conjecture 4.2], which is solved by part (JITJ) above. What we show 
is in fact stronger since ([uijl proves uniqueness of determinantal representations in 
the range a\ > /3&. Further, part ([!]) above addresses the positive-dimensional range 
of [KM091 Conjectures 4.1]. Our result thus completes [KMR051lKM09|IKle09| . where 
these conjectures are addressed for several ranges of the ay's and Pi's. 

One should be aware that the dimension dim(^V) can be calculated explicitly in terms 
of some binomial coefficients involving the a,-, Pi's and n. Indeed we set c = a — b + 1, 
and, according to [KM09J, we define: 

(13) a c = ( Qj + n ) + ( ft ~ aj +n ) - ( Qi_Q j + n )_ j2 ( /3i ~^' + n ) + i 

j — l a ^ ^ i,j — l,...,a ^ i,j=l,...,b ^ 

i=l',...',b 

Further we define, for i = 3, . . . , c the integers: 

(1.4) £i= atj - ^2 fa, his = 2a b+i _i - ii + n. 

j=l,...,b+i-l i=l,...,b 



and finally, for i = 0, . . . , c — 3, the integers: 



(i.5) k 1+3 =J2 E 

r+s=i l<ii< - <i r <6+i+l, 
r,s>0 l<ji<---<j s <b 



hi + a^-i h Oj r + f3j 1 H h 

n 



In these terms, the dimension of y is: 

dimCV) = A c + K 3 + ■ ■ ■ + K c . 

Then the theorem says that the closure of ,sf in Hiib p ( t )(P n ) is an irreducible variety 
of dimension A c + K3 + • • • + K c , and in fact an irreducible component of Hilb p ( t )(P n ) 
if dim(Jfy) = n + b-a-l>2. 

The above formula for dim(3^) becomes particularly readable for homogeneous ma- 
trices, as we point out in the next corollary, that settles the positive-dimensional range 
of |Kle09l Conjecture 3.2]. 

Corollary. Let b < a — 1, d > 1 be integers and set etj = d,fii = for all i,j, and 
assume din^JQ,) > 2, i.e. n + b — a — 1 > 2. Then the map F is birational. In 
particular, T~L is an irreducible, generically smooth variety of dimension: 

n + d\ 2 2 



dim(H) = ab\ ^ j-a z -b z + l. 

Finally, let us only mention the resemblance of the theorem above with the result 
of |FF10] . where the Hilbert scheme of Palatini is described in terms of a Grassmann 
variety. 



Remark. Shortly before submitting our paper we learned of a preprint by Kleppe 
[KlelO| . addressing very similar questions. 
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1.1. Structure of the paper. In the Section [2] we set up the framework needed to 
prove our results. First we recall the dimension of the variety y (Section 12. ip . We will 
mainly use the cokernel sheaf attached to (j), introduced in Section f2T2l and the fact that 

is the birational image of a complete intersection Ya, in the projective bundle 
(see Section f2.3j) . This allows to calculate the canonical class of X$ and Y^, which we 
do in Section [2.41 In Section [3] we calculate the sections of the normal bundle of X^. 
Section H] contains our main lemmas on the fibers of the map F, and the proof of the 
main result. Finally, Section [5] is devoted to some remarks on the geometry of X^, we 
will comment briefly determinantal surfaces (see !5.ip and determinantal hypersurfaces 
(seeE2J). 

1.2. Notations and conventions. Let k be an algebraically closed field, n > 2 be 
an integer and let V be an (n + l)-dimensional vector space over k. We consider the 
projective space P n of 1-dimensional quotients of V. Under this convention we have 
H°(P n , ^ P n(l)) £S V. The quotient associated to an element / £ € V* is denoted 
by [£]. If Z is a subvariety of P n , the symbol Hz will often denote the restriction of 
ci(^%>n(l)) to Z, or more generally /*(flpn) if / is a morphism from Z to P n . 

Given a morphism <j> of vector bundles on a given variety Z, we will denote by D&(^>) 
the locus consisting of the points z of Z such that (j) z has rank at most k (here <p z is 
the evaluation of eft at z). The subscheme D^(0) is defined by the vanishing of all 
{k + l)-minors of a matrix defining (j). Given a global section s of a vector bundle on 
Z we let V(s) be the vanishing locus of s. 

If $ is a vector bundle on Z, we will denote by S z the vector space lying over z € Z '. 
If Z = P n and 7^ £ € V* , we will freely write J£ for Slpi . We write for the dualizing 
sheaf of a Cohen-Macaulay scheme Z. When Z' is a subvariety of Z and <f is a sheaf 
on Z, we will denote by $z' the restriction of $ to Z'. The same notation will be used 
for the restriction of divisor classes. We will denote by Tz\z ( or simply by Tz') the 
ideal sheaf of Z' in Z and by jVz> z the normal sheaf of Z' in Z . We will denote by 
S k S and f\ k S the k-th. symmetric and alternating power of S. 

We refer to |MR08] and |BV88j for general material on determinantal sub-varieties. 

2. Basic constructions 

Let us recall the notation from the introduction and keep it in mind throughout the 
paper. Given integers b < a — 1, and a± < ■ ■ ■ < a a and (3\ <•••</?;,, we will write: 

j=l,...,a i=l,...,b 

The letter <p will always denote a morphism: 

cj) : jaf ^. 

And we will write the first degeneracy locus of 0, so = D(,_i(0), with the 
scheme-theoretic structure given by the b x b minors of 4>. 
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2.1. The map F. Let srf and SB as above. The following lemma is a summary of 
well-known facts concerning the G-orbit space of W. 

Lemma 2.1. There is a generically smooth irreducible variety y parametrizing generic 
G-orbits o/W, with: 

(2.1) dim(y) = X c + K 3 + --- + K c . 

Proof. The group G is in general non-reductive. However, we will only be interested 
in some open piece of the orbit space. According to a result of Rosenlicht, [Ros63] . 
there is a dense open subset W° such that the quotient W°/G is geometric. Let us 
denote: 

^ = W°/G. 

This is a generically smooth variety of dimension: 

dim(W) - dim(G) + G^, 

where G^ is the stabilizer of a general element (f> G W°. The dimension of G^ is 
computed in |KMMR + fllllKMB,05] . and we get £21]). □ 

2.2. Cokernel sheaf on degeneracy loci. Here we consider (j> : srf —> SB as above, 
and we assume that X = has codimension c = a — b + 1. Then we have: 

dim(A) = n + b — a — 1. 

We define the sheaf: 

^0 = coker(0). 

Note that ^ is supported on X^. Let i denote the embedding of X</, in ¥ n . Then 
^ = i*(J*?</,), for a sheaf Jz?^ on X^ of (generic) rank 1. The sheaf Jz?<£ is ACM on X^, 
in particular it is reflexive, hence invertible if X^ is integral and locally factorial. 

Further, we have an exact sequence: 

(2.2) O-^J^-^-^-^-^O, 

where we have set = ker (</>). By [KM R051 Lemma 3.2], we have: 

Therefore, applying Jfompn(— , ^) to (|2.2p . we obtain: 

(2.3) -> G x ^ -* 3B* ® ^ ^> ^* ® ^ ->• ^ -> 0, 

where the sheaf defined by the exact sequence above, is supported on A^,. We 
have: 

(2.4) Sxt\ n ^%) 

These exact sequences will play an important role in the computation of the normal 
sheaf of A^ in P n . 

Given the sheaf we will also consider ci(j2?^), as a divisor class in C1(A) by 
looking at the zero locus of (where we choose the smallest t € Z such that 

H°(A^,J^(i)) + 0). This locus is in fact a determinantal subvariety A^ C P n with 
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00 : s& — > 3§o and 9&$ = 98/fff>-n(— t). Note also that the class of determines Jz?^, 
because setting «5ff = ifomx^if^, &x), we have: 

0->j2£(-t)-X^-^-X), 
and this gives back ^ since «Sf^* = Jf^. 

2.3. Determinantal subvarieties as complete intersections. Consider the vector 
bundle 98 = © i=1 b ^pn(— /%) over the projective space P n and define the projective 
bundle: 

V = F(9§) ^ F n . 
We have the relatively ample line bundle 0gg(l) and we let: 

P = d(3*(l)). 
Set 7^ for the relative tangent bundle. We have: 

(2.5) 0^ V (-P) ^n*(9g*) -+Ta(-P) ->-0, ^{ff v {P))^38, 

Let us now describe the way of passing from a determinantal subvariety to a complete 
intersection in the projective bundle V . There are isomorphisms: 

W = Hom P n(^,f) 9* Hom P (7T*( ! c/), tfp(P)) = S a i~ Pi V 

j=l,...,a 
i=l,...,b 

Therefore, to an element <j) of W there corresponds a section: 

S ^H (?,/K)*(P)), 

and thus a subvariety: 

= V(^) C P. 

The next lemma relates Y"^ to X^. To see how, we recall that coker(0) = i*(«5f^), 
for a rank-1 sheaf on X^. We consider the scheme P(jS^), and we denote by (? the 
natural map P(J^>) — > P n . Since ^ = (-S?^) is a quotient of we have a natural 
closed embedding: 

p : P(Jz^) P(^) = V. 
Denote by Py. the restriction to Y^ of the divisor P, so that &yAPyA) — P*(&v(P))- 

Lemma 2.2. Choose any <fr £ W wii/i X^, 7^ 0. T/ien f/ie scheme P(j%) is identified 
with the subscheme ofV, and we have: 

(2-6) ^ = 9*(^(i%)), g(^)=^- 

Finally, assume that Db_2(</>) = 0. T/ien g : P(JS^) — > P n is an isomorphism onto 
Xq, so is identified with X$. 

Proof. The scheme P(-Sf^) is given by pairs ([£], [7]) where £ : V — ► k represents a 
1-dimensional quotient of V and the proportionality class of 7 lies in P(«5f^^). Since 
i* ) is defined as coker(0), we have that 7 is a quotient of fitting into: 

s% % 98^ -> J^, e . 
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Lifting 7 to a map 38 ^ — > k (still denoted by 7), we get that 7 is denned on S£§£ if 
and only if 7 o = 0. Clearly, we have: 

7 o <p£ = O 7(0f(e)) = 0, Ve € =0^. 

Summing up we have: 

(2.7) P(J^) = {([£], [7]) I 7 (^(e)) = 0,Ve 6 

On the other hand, consists of pairs ([£], [7]) such that 7 is a quotient of 38 ^ and 
vanishes at ([£], [7]). By definition of 8$, its evaluation s<p y ([g\,[<y\) at a pair ([£,7]) is 
given as the composition: 

^%3S^^ ff^P) k. 

Therefore, we have: 

Y4, = {([£], [7]) I ^,(K],[7])(e) = 7(^(e)) = 0, Ve e 

This agrees with (|2.7p . so our first statement is proved. 

To check (j2.6|) . we note that, since p is induced by the projection 38 — >• there 
is an isomorphisms: 

p*(^(P)) = ^(l)- 

Clearly we have: 
This proves QZJft. 

To check the last statement, first note that since Jzf^ is supported on the map q 
takes value in X^. When Db_2(</>) = 0, the sheaf Jz?<^ is locally free of rank one on X^ 
by [Pra88j . So P(j^) ^ X^. □ 

Note that g is the restriction to Y^ of 7r and recall the exact sequence: 

(2.8) ^ 9 *(J^) ^(iV„) ->• 0. 

Here ^ is defined as the kernel of the canonical surjection above. It can be though of 
as the relative cotangent sheaf of q. This sheaf is supported on the locus in Y$ which 
is blown down by q. 

2.4. Canonical class of a determinantal subvariety. We define the divisor class 
H-p = 7r*(Hfn) and we consider its restriction fly, to Y^. On the variety X^, we have 
the hyperplane section class Hx*- We have defined also the class Pxj, = q*(Py^) = 
ci(J2?0), as en element of Cl(X) (see Section [272]) . 

Lemma 2.3. Let eft € W be such that dim(X^) = n + a — b — 1, and set: 

i= E a i- E a- 



j=l,...,a i=l,...,b 



Then we have: 



(2.9) K Y ^ = (£ - n - + (a - b)P Y ,, 

(2.10) Cl (a;xJ = - n - + (a - &)P^- 



8 DANIELE FAENZI AND MARIA LUCIA FANIA 

Proof. We first calculate the canonical class of V = ¥*{83). Since 8$ is a vector bundle 
of rank b, this is given as: 

u v =S 7r*(cjpn(ci(^))) <8> G v {-bP), 

which yields: 

K P = (-n-l- Pi) H V ~ bP- 

i=l,...,b 

Now note that Ya, is a complete intersection in V, so adjunction formula gives: 

^ = (ifp + Ci(7r*(«0*(P))),y,= 

= omi^ + E «^+ aP ^ = 

j=l,...,a 

= ( E a i- E ft-«-l)Py, + (a-6)Py,. 

j=l,...,a i=l,...,6 

This proves (|2,9p . By Grothendieck duality, we easily obtain the isomorphism: 

% = g*(^), 

and by (|2.9p this sheaf is isomorphic to q^&y^il — n — l)-£fy^ + (a — 6)Py^)). In turn, 



this gives: 



Taking the first Chern class gives (|2.10j) . □ 

3. Normal sheaf of a determinantal subvariety 

We consider again a morphism <p : stf — s> 88 and the degeneracy locus Xa = Db_i(0). 
We will assume that (|1.2p holds, namely: 

o« > A+i) Vi = 1, . . . , 6 — 1, and > for some i = 1, . . . , b. 

Proposition 3.1. Let X = Xa and let JV = jVx,w n be the normal sheaf of X in P n . 
Assume the above conditions on ctj 's and fii, dim(X) > 2 and c = codim(X, P n ) > 2. 
Then we have: 

h°(X,JK) <X C + K 3 + ---+K C . 

It will turn out that the above inequality is an equality, see the proof of the main 
result at the end of Section 21 The proof of the above proposition will follow from the 
next lemmas. 

Lemma 3.2. In the numerical range (jl.2p . for (ft general in W, we have: 
codim(Sing(X^),X^) > 3. 

Proof. This follows from the result of |Cha 89]. Indeed, we construct Chang's filtration 
of the bundles 8$ D 8$\ D • • • D 8B\ and D srf\ D ■ ■ ■ D as follows. We choose 
M = ©^Li^P™(-«i) with r i = max{j|a a+ i_j > (3 b ) and 88\ = @ s i L l & , ^{-Pi) with 
s\ = max{i|/3fe_j + i > a a _ ri }. Iterating this procedure we get the desired filtration, 
and, since we are assuming a — b + 1 > 2, we obtain by the main theorem of |Cha89| 
that codim(X^) = a — b + 1 and codim(Sing(X^), X^) > 3. □ 
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Lemma 3.3. Set c € = and X = X^. Then, assuming (jl.ip . we have: 

h°(P rt , Sxt\ n (^, <&)) < A c + K 3 + • • • + K c . 

Proof. Keep in mind that X is an integral ACM subvariety of P n (call i the embed- 
ding). Since dim(X) > 2, this implies H^X, (?x{t)) = for all t € Z. We also have 
R°(X,&x) = k. 

Further, recall that is i*(jSf), where Jz? = JC^ is an ACM rank-1 sheaf on X. 
Hence H 1 (X,^'(t)) = for all t € Z. Recall the exact sequence (|2.3p . and rewrite it 
as: 

(3.1) -»■ £? x -> ^> ^* <8> JSf -> ^ -> 0, (fxtpnC^,^) C ^. 

Then we have: 

h (P n ,^4"(^)) < 

and we want to show: 

h°(jF) = A c + if 3 + • • • + K c . 
Let us assume for the moment that the following claims holds: 

Claim 3.4. Whenever dim(A) > 2, we have H 1 (X, Im(t/?)) = 0. 

Set f(t) = h°(X,JSf(t)) = h°(P n ,^(t)). Once the above claim is proved, we can 
write: 

(3-2) h°(^)= /K) - E + 

j=l,...,a i=l,...,6 

In order to compute /(i) we write the Buchsbaum-Rim resolution of ^€ . Setting 
P = 12i=l,...,bPi> this reads: 

-> AV ® 5 c " 2 ^*(/3) -»■ A a "W g> S c " 3 ^*(/3) -> ■ ■ ■ 
(3.3) > A 6+ W(8)5 ^*(/3) ^^^^^^^0. 

We set a = E/=i a a oi anc ^ ^ = a — /? (recall the definition of (3 above). Looking 

at the s-th term of the complex ([33]) . we consider = A b+S+1 £/ <g> S s (^*)(/3). This 
gives the following expression for f(t): 

n — fli + 1\ v— * I n ~ a r + 1 



0.4) E ( „ )- E ( TH+B-im'-w) 

r— 1 , . . . ,ct 



Further, it is easy to compute h (<? s (i)) as: 



(3-5) E 



l<il<...<i Q _b_ s _i<a 

i<ii<...<j s <& 



n - .£ + a i± + . . . + a ia _ b _ B _ 1 + /3 jl H h /3 3s + i 

n 



Note that, in view of (jl.ip . the term in the above binomial is strictly bounded above 
by — ctb+i + 1 + n, hence the binomial vanishes for t = fy, and t = oti-\ with i < 6+1. 
Then, combining (|3.5p and (|3.4|) . we get an expression for f(t), hence for h°(j^) in 
view of (|3.2p . Recalling the definition of A c from (|1.3p and of the K^s from (|1.5p . one 
now easily gets the desired expression for h° (»£■). □ 
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Proof of Claim \3J\ If dim(X) > 3 the vanishing is clear since H (X,Jif(t)) = for 
all t G Z and H (X, &x) = 0. So we only have to prove the vanishing for dim(X) = 
n + b — a — 1 = 2. Set Y = Y ( f > and recall that X = q(Y). The exact sequence defining 
Im(tp) is the image via q* of: 

-> & Y -> vr*^* ® ^y(Py) -> (7#)|y -»• 0, 

where 7^ is the relative tangent bundle of 7r (compare with (|2.5|) ). Then we have to 
prove: 

(3.6) H 1 (y,(T^)|F) = 0. 

To obtain this vanishing, we look at the Koszul complex of and we tensor it by 
Tgg(P). This gives an acyclic complex whose k-th term is ■K*{f\ k s^){—kP)®T^{P). 
Then it suffices to show: 

(3.7) H k {V,Tgg{{l-k)P + tH v )) = Q, for jfe = l ) ...,o + l and Vi G Z. 

We have a = n + b — 3. Then, we use (|2.5p . after recalling that R%*(^p(/iP)) 
vanishes for j 7^ 0, 6— 1, and is a wedge power of ^* (twisted by a line bundle) whenever 
it does not vanish, hence it splits as a direct sum of line bundles on P n . We get (|3.7|) for 
k = 1, . . . , a. For k = a+1, we use that R- 7 7r*(7^((— a)P)) vanishes for j 7^ 6—1, and is 
a Schur functor of S3* for j = b — 1. So, using a = n + b — 3, we see that the only term 
contributing to R a+1 (V, T%{-aP + tH v )) is H n - 1 (P»R 6 - 1 7r.(7i(-aP))(t-H')) = 0. 
This concludes the proof. □ 

Lemma 3.5. Assuming (|1 .2j) . we /lave: 

Proof. We have a natural isomorphism: 

**(^0 = ^4„(z*(^x),«*(^f)), 

so we have to provide an isomorphism of the right-hand-side with SxtLni^, c &)- We 
recall that ^ = i* (_£?). In order to obtain it, we consider the cohomological spectral 
sequence: 

= £xtl n {i*{0x),i*{£xt q x (& ;Sf))) => Sxt^i^^). 

Since we have seen that ^omxi^ , ^f) — this gives the required isomorphism 
once we prove Sxt x {££ , ££ ) = 0. 

In order to show this vanishing, we recall that Jzf = 9*(^V(^V))) where we have set 
Y = Yj,. Projection formula provides a natural isomorphism: 

Sxt\{2, Sf) = £xt Y (q*(J?), ^y(Py))- 

To show that the right-hand-side vanishes, we apply Jfomy(-, &y{Py)) to the 
exact sequence (|Z5]> . Clearly gxty(0 Y {PY), &y(Py)) = for @y(P Y ) is locally 
free. Further, q is a birational surjective map, and the support of 3?$ lies 
over Dft_2(0) C Sing(X^), where q is generically a P 1 -bundle. Then we have 
codim(Z^,Y^) > codim(Sing(X^), X^) — 1 > 2 by Lemma 13.21 Then we get 
Sxt Y {^, Gy{Py)) = 0, so we get £xt Y (q*(&), Gy{P Y )) = and we are done. □ 

The previous lemmas suffice to prove Proposition (|3.ip . 
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4. Fibers of the map F 



The aim of this section is to provide a proof for the main results stated in the 
introduction. We will let again ^ be a morphism <j) : — > 33 such that X<j, has 
codimension c = a — b + 1. We will assume that Q1.2|) holds, namely: 

Oii > fy+i, Vi = 1 , . . . , 6 — 1, and a% > for some i = 1, . . . , b. 

4.1. Transitiveness on the fibers for fixed cokernel sheaves. The following 
lemma shows that, once we fix the isomorphism class of the cokernel sheaf the 
group G operates transitively on the fibers of F. 

Lemma 4.1. Assume dim(X^) > 1 and let <f>' be a morphism srf — > SB such that the 
sheaves % and are isomorphic. Then there are: 

such that: 

h o = o g. 

Proof. Clearly we have = X<f>, for both schemes are the support of We set 
X = X^. Then, in view of Lemma 12.21 we can identify X with the image of the 
complete intersection subvariety Y = of V = under the map q. Further, ^ 

is where J^, is an ACM sheaf of rank 1 on X^, and by (|2.6p we can identify 

Jz?0 with 9*(^y^(-FV^))- Now we have: 

Claim 4.2. In the hypothesis of the lemma, we have: 

(4.1) H 1 (P n ,Im(0')(*)) = 0, for all t G Z. 

We postpone the proof of this claim, and we assume it for the moment. Let us note 
that the claim amounts to Extpn(^%>«(£), Im(</>)) = for all t, so that the isomorphism 
lifts to a commutative diagram: 



(4.2) 



This means that the two subschemes Y$ = P(=£^,) and P(J%') are identified, let us 
write Y = Y^. Under this identification, the isomorphism k is the image via of an 
automorphism of ^y(Py) which is thus given by a (non-zero) scalar, say A. This lifts 
to Aid^p(p), and taking 7r* gives back k, so we can take g = Xid^. We have thus a 
diagram: 



(4.3) 



7T 



7T 



A 

MP) 



and we would like to prove the existence of a lifting /x. This is guaranteed if we show: 

Ext^(7T*(^),^) ^H 1 ^,^ (8) 7T* «)*) =0, 
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where 5?a, is the kernel of Sa, : tt*{^) — > ff-p(P), i.e. the first syzygy arising in the 
Koszul complex associated to sa,. In fact, we will prove the following stronger: 

Claim 4.3. In the hypothesis of the lemma, we have, for all t € Z: 
(4.4) R 1 (V,y^tH v )) = 0. 

Let us assume the claim and show that it allows to finish the proof. We first have 
to prove that fx is an automorphism of ir*(&f). To do so, we choose a basis e±, . . . ,e a 
of the decomposable bundle &/, in such a way that the morphism /x is represented in 
this basis by an upper triangular matrix: 

' Ai,2 Ai 5 3 . 

N,, = ^2,2 A2,3 • 

\\ o ■■• 

where for all j = 1, . . . , a the Ajj's are scalars. In this basis, the sections sa, and sa>i 
are given by two a-tuples (/i, . . . , / a ) and (/{,..., /^) which form regular sequences 
defining Yaj. Clearly \i is an isomorphism if and only if all the Xjj's are non-zero. 
But, if [i is not an isomorphism, we let jo be the first index j such that Xjj = 0. 
Then, Diagram fj4.3|) says that the equation fj of Ya, lies in the ideal generated by 
(/{, . . . , fj -i), which is equal to the ideal generated by (fi, . . . , fj -i) (since Xjj ^ 
for j < jo). This contradicts that (/i, . . . , f a ) is a regular sequence. 

We have thus proved the existence of an isomorphisms /U fitting into (|4.3p . Pushing 
this diagram to P n by ir gives a commutative diagram: 



Thus we can take h = ir*(fJ,) and the lemma is proved. □ 




Proof of Claim \4-%\ and \4-3\ We prove both claims by descending induction on the 
codimension c = a — 6+1 of Xa>- In order to do so, we add a new term ^p«(— Pb+i) to 
SB to obtain a new bundle S$b+i = S$ ® &fn(— 0b+i)- F° r consistency of notation we 
write S$ = S§b, Xa, = Xb, V\, = P(^), Pb = P-p b -> etc. This process can be iterated for 
all r < a — b hence constructing Xb+ r , Pj+ r , Yb+n etc. At each step, we take care in 
adding fib+r) so that there exists a morphism 4>b+ r '■ &f — > ^b+r such that Xb+ r 

is of codimension a — b — r + 1. That is, we add the @b+r s ° that (jl.2p is still satisfied. 
Set s = b + r, so b < s < a and codim(X s , P n ) = 1 iff s = a. 

In order to prove Claim 14.31 we need some exact sequences of sheaves on our pro- 
jective bundles V s . First, we have the obvious exact sequence: 

o -> ffyn.(-p s ) -> m s ->■ SS S - X 0, 

inducing an inclusion V s -i C V s . We have the defining exact sequences: 
->■ ff Vs (-/3 s H s - P„) -> ^ s -> 0^ -> 0, 
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and restricting to Y s we get: 

(4.5) -> & Ys {-P S H S - P.) -> Ya -> ^ -> 0. 
This gives the exact sequence: 

(4.6) -> X YstVs (-P s H s ) -> Zy,p a (P,) 4 Zy._ ll p._ 1 (P s -i) -> 0. 

The section s^ s : 7r*(^) — >• ff-p a {P s ) restricts to s < j }a _ 1 on P s _i, so we get an exact 
commutative diagram: 

o ► y s ► <0O — 1y s ,p s (p s ) ► o 

<H c 

► ^7-1 > <K) ^..^..itf-l) > 0, 

where the sheaf defined by the above diagram fits into the exact sequence: 

(4.7) -»• 7r* s ^(-p s H s - P s ) -> y' s _ x -> ^ s _i -> 0. 

Finally note that, applying snake lemma to the above diagram and using (|4.6p we get: 

(4.8) o -»• ^ 4 y' s _ x -»■ z YaiPs (-&p s ) -> 0. 

Let us now prove the desired vanishing (|4.4[) . Let us first look at the case s = a, i.e. 
codim(X s ,P n ) = 1. We have a spectral sequence: 

rfj = H l (P",R%,(^)(t)) => R i+ i(V,y s (tH s )). 

Applying R7r* to the exact sequence: 

->• y s -> ttW -> ^p(P s ) ->■ 0y.(P«) -> o, 

we obtain, 7r*(^y s (P a )) = ^ and, for s = a, an exact sequence: 

^ -> 0§ s ^ s -> 0. 

So ^^(=5^) = for all j and the vanishing is proved. 

Let us now look at the induction step. In view of (|4.7j) and (|4.8p the vanishing (|4.4p 
will be ensured for s = a — 1, . . . , b if we prove, for all i £ Z: 

(4.9) R 2 (V s ,TT* s ,^(tH s - P s )) = 0, 

(4.10) R\V s ,l Ys , Vs (tH s )) = 0, 

R 1 (V s ,y s (tH s )) = 0, 

where the last vanishing holds by induction hypothesis. 

The vanishing (|4.9p is immediate in view of projection formula, since 
R- ? 7r*(^p s (— P s )) = for all j. It remains only to check (|4.10p . This will be proved 
once we show that the map: 

R°(V S , ffvAtHs)) -> H°(y s , Ys {tH s )) 

is surjective for all t > 0. By taking 7T*, this amounts to ask that the map: 

H°(P n ,^p»(t))-^H°(X„^.(t)) 
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is surjective for all t > 0. But this fact holds since X s is an ACM variety, see for 
instance [BV88| . so Claim (|4.3p is proved. 

Let us now turn to Claim (|4.2p . Just to keep continue with the same notations, we 
prove it for <p rather than <fi'. The exact sequence (|4.5p . twisted by P s induces: 

-»• ^x s (-&) -+ ^ s -> -> 0, 
with obvious notation. Hence, setting J s = lm(0 s ) we have: 

0^T Xs (-/3 s )^/ s ^/ s _!^0. 

For s = a the vanishing (|4.1|) is clear for I a = si ' . Moreover, recall again that X s is 
ACM, so R 2 {F n ,l Xs (t)) = for all t G Z whenever dim(X s ) > 2. Taking cohomology 
of the exact sequence above, we see that this implies H 1 (P(y), J a _i(t)) = for all s > 1 
(so that dim(X s ) > 2). The vanishing (|4.ip is thus proved. □ 

4.2. Finiteness and uniqueness of determinantal representations. We start 
with two lemmas that account for the finiteness and the uniqueness of the fiber of the 
map F, i.e. of determinantal representations of a given subvariety X = X^ of ¥ n . This 
will lead to the proof of our main result. 

Lemma 4.4. Assume: 

c = a — 6+1 > 2, dim(X^) = n — c > 1. 

Then, up to the action of G, there are finitely many elements <j)' G W such that: 

^<f> ¥ j x^ = Xp . 

Proof. Let 4>' be a morphism — > S3 such that Xa = Xm and set X = X^. Then 
<f>' defines a cokernel sheaf ^/ = i *(_£?<//). Also, X is the image via a map q' of 
y<j>' = V(s^,/), according to Lemma [2.21 and we have Jtfp = g*(^y (P Y ; )). We set 

ci(Jzf<//) = P^, again as an element of Cl(X). 
We can thus apply Lemma |2.3| which gives: 

(I - v)H x + (a - b)P x = (£- v)H x + (a - b)P' x , in C\(X). 

Pulling back to we get the equality, 

(a-b)(Py^-q*(P x ))=0, in Cl(F^). 

We observe that g* gives an isomorphism between Cl(Y^) and C\(X), for q is biregu- 
lar outside a closed subset of codimension at least 2. Moreover, Pm is a Cartier divisor 
of Yfy so the above equality takes place in Pic(y^). Note that a — b ^ by hypothesis, 
and that Pic(Y^) has only finitely many points of order (a — b). Then, recalling that 
c\ ) determines ££y (see Section I2.2|) , we get that there are only finitely many 
ways to choose the isomorphism class of in such a way that the above equation is 
satisfied. 

In other words, there are 4>i, . . . , <j) r such that ^ c €^ ) . if i ^ j, and such that for 
any other 4>q G W we have ^ = for one i = 1, . . . , r. By Lemma ()4.ip . this (j>o is 
taken to fa by the action of G, which proves our claim. □ 
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Lemma 4.5. Let (ft be a general element o/Hom(j/,^), and assume: 

l3 b < ai , dim(X )>2, c = a-b+l>2. 

Then, given another morphism <p' with = Xj,' , we have ^ = . 

Proof. Let X = X^, and consider the divisor Px associated to c €^ > . In view of the 
considerations of the previous lemma, any <f>' such that X& = X gives a divisor class 
P' x such that: 

(a-b)(P Y<t> -q*(P x )) = 0, inPic(^). 

Again (a - b) ^ 0, so that Py^ - q*{P' x ) is of order (a - b) in Pic(Y^). Now is 
isomorphic to a complete intersection in V, by a divisors of classes: 

(aiH v + P-p, a a H v + P v ). 

Under the hypothesis fib < a±, all the divisors ajH-p + P-p are very ample on V, 
indeed the direct image -K^{ffp{ajHp + P-p)) decomposes as a direct sum of positive 
line bundles. Therefore we can argue, by Grothendieck-Lefschetz theorem, that 
is smooth and Pic(Y"0) is torsion-free provided that dim(Y^) = dim(X) > 2 (see for 
instance [Bad78j ) . Then q* (P x ) = Py^ hence ^ = ^ as in the previous proof. □ 

Proof of the main Theorem. The map F is defined on an dense open subset of y as 
soon as there is eft £ W such that X^ has codimension (a — b + 1), and this is ensured 
by (TTI]). 

By hypothesis we have dim(X^) = n + b — a — 1 > 1, so we can apply Lemma 14.41 
Applying this lemma, we get that there are only finitely many G-orbits in the inverse 
image of a given point [X^] € H, so that F is generically finite, which is (0). 

Moreover, assuming dim(A0) = n + b — a — 1>2, by Proposition 13.11 and Lemma 
12.11 we have dimTj^x^]^ — dim(y), and y is irreducible and generically smooth. 

Since F is generically finite, the image of F also has dimension dim(3^), so 
dim7pQ > ],'H = dim('H) (i.e. the inequality in Proposition (|3.ip is an equality). Hence 
T~L is generically smooth and F is dominant on H, so % is also irreducible. This proves 
©■ 

Finally, assuming ftt, < ct\ and dim(A^) = n + b — a — 1 > 2, c = a — 6+1 > 2, we 
can apply Lemma 14.51 Then, by Lemma 14.11 the action of G is generically transitive 
on the set of determinantal representations of Xj,, so F is generically injective. Still F 
is dominant by part (jn]), hence F is birational. □ 

5. Further remarks on the geometry of determinantal subvarieties 

In this section we carry out some remarks on the geometry of determinantal subm- 
varieties, mainly focused on determinantal surfaces and hyper surf aces. 

5.1. Determinantal surfaces. We collect here some simple examples of determinan- 
tal surfaces accounting for different behavior of the Picard group. 

Proposition 5.1. The Picard number of a smooth determinantal surface can be arbi- 
trarily high if i < n + 1 . 

On the other hand this number is 2 if \c = C, /3& < a\, a > b and I > n + 1. 
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Proof. We give two examples of the first phenomenon. 

(1) Let n > 3, and let be a general morphism: 

^pn(-l) n ^|„. 

Then, according to the construction of Section 12.31 the smooth surface is 
the blow up of P 2 at the collection Z of ( n ^ 1 ) general points, embedded by the 
linear system of curves of degree n passing through them. Indeed, Lemma 12.21 
gives that is ¥(Iz), where the ideal sheaf Iz fits in: 

-> ^(-1) -> ^; 2 +1 -> I z (n) -> 0. 

(2) Let n > 3, and let be a general morphism: 

^ P n(-i) n - 2 e 0i»»(-2) tfjL 

Then we claim that is the blow up of P 2 at 2n general points. More precisely, 
if we let P be pull-back to X^ of the class of a line in P 2 , and by E\ , . . . , E<m 
the exceptional divisor, then the linear system Hx$ is given by: 

nP - (n - 2)E X - E 2 E 2n . 

Indeed, one easily sees that such linear system provides the above determinantal 
representation. On the other hand, counting parameters of these blown-up 
planes, and using our main theorem we get that a general <p degenerates along 
a blown-up plane. 

For the second statement, we borrow the notation from the previous section. We 
note that under the hypothesis /3b < ai, we have that P-p+ajH-p is a very ample divisor 
on V for any j = 1, . . . , a, and Y^ is a complete intersection of these divisors. Hence 
Pic(Y^) ^ Pic(P) = I? as long as dim(y ) > 3 and is general (for k algebraically 
closed of any characteristic). In this case, since X is ACM, we also get H 2 (Y0, Gy^) = 
H 2 (X, ff x ) = 0, so h 2 '°(Y ) = 0. If moreover t > n + 1 and dim(Y^) = 2 then 
h 2 '°(Y^) = h°(Y^,u} Y ^), and we easily see that h° '(Y^, ui Yij> ) ^ 0. So by |Moi67j we get 
Pic(Y ) ^ I?. □ 

5.2. Hypersurfaces. A determinantal hypersurface is necessarily singular as soon as 
n > 4. However we have the following result. 

Proposition 5.2. Up to conjugacy, a hypersurface inF n has finitely many (minimal) 
determinantal representations if n > 4. 

Moreover, a general hypersurface in P n , with n > 4, and d > 4 if n = 3, has a 
unique determinantal representations (up to conjugacy) i/k = C, /3b < ai, £ > n + 1. 

Proof. Let / be an equation of the surface X under consideration. First note that there 
are finitely many ways to choose <$/ and SB in such a way that a minimal morphism 
(f> : si — >■ M (i.e. with no non-zero terms of degree zero) has det(</>) = /. 

Then, for any such choice of srf and by Lemma 14.11 the G-orbits (i.e. the 
conjugacy classes) are classified by the cokernel sheaves ^ up to isomorphism. Any 
such cokernel sheaf is the direct image on X of the line bundle Gy(P) on the variety 
Y = Y^ by the map Try (see the notation of the preceding Section). All of these line 
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bundles are rigid in view of W(Y, G Y ) = W(X, ff x ) = 0. Therefore there cannot be 
infinitely many choices for nor for the conjugacy class of <fi. 

For the second part of the proposition, we would like to show that ^ is uniquely 
determined by X, or equivalently to show that the line bundle ffy(P) is determined by 
X. If < ai, again Pp + UjH-p is a very ample divisor on V for any j = 1, . . . , a, so 
Pic(K) = Z 2 as long as dim(y) > 3 (for k algebraically closed of any characteristic). If 
moreover £ > n + 1 and dim(Y) = 2 then h 2 '°(X) ^ 0, as in the proof of the previous 
proposition, so Pic(X) = Z 2 , generated by the classes Hy^^Py^, and these generators 
are clearly distinguished by their number of global sections. Thus Vy^ is determined 
by Y^. □ 

Remark 5.3. We note that finiteness of conjugacy classes of determinantal plane 
curves C of genus > 1 definitely fails. Indeed, these classes are birationnally classified 
by the Jacobian of C see |Bea00llCat81| . a variety of positive dimension. 

Remark 5.4. Note that uniqueness of determinantal representations does take place 
for surfaces in P 3 of degree < 3. For instance, according to jFae08j . the possible choices 
of the ay's and /3j's for a cubic surface are: 

(1) ai = 1, ai = 2, /3i = /?2 = 0, this gives 27 non-conjugate ^'s; 

(2) a\ = Q2 = 2, /?i = 1 , /?2 = 0, this gives 27 more non-conjugate (/>'s; 

(3) a\ = «2 = Q!3 = 1, fii = 02 = k = 0j giving 72 non-conjugate </>'s. 
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